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Abstract
An axisymmetric space-localized solution of nonlinear electrodynamics is consid-
ered as massive charged particle with spin and magnetic moment. The appropriate
solution for nonlinear electrodynamics with ring singularity is investigated. In view
of this problem the system of toroidal waves in linear electrodynamics is consid-
ered. The problem with boundary conditions on the singular ring of the toroidal
coordinate system is investigated. The boundary conditions are taken taking into
account the conformity between the toroidal and cylindrical waves on the ring. In
this case the singular ring looks like convolute axis of cylindrical system. The ap-
propriate system of wave modes are obtained in an integral form with the help of
source function.
The present work is the part of the work on the construction of the field model for
massive charged elementary particle with spin and magnetic moment as a soliton solution
of nonlinear electrodynamics. This theme was discussed in my articles. See for example
[1, 4, 5, 7, 8]
In this approach we have mass and spin of the particle as three dimensional space
integral from the energy and angular momentum densities for electromagnetic field:
m =
∫
V
E dv , s =
∣∣∣∣
∫
V
r×P dv
∣∣∣∣ , (1)
where E = E(D,B) is the energy density, D and B are electric and magnetic inductions,
P = 1
4pi
D×B is the Poynting vector. The function E(D,B) defines the concrete model
of nonlinear electrodynamics.
Here we consider the field configuration with ring singularity.
In general case the appropriate soliton solution in own coordinate system has a static
part and quickly-oscillating part. The static part gives mass, spin, charge, and magnetic
moment of the particle. The oscillating part gives the wave behavior of the particle.
The finding of the appropriate exact solution of nonlinear electrodynamics is the very
difficult problem. But we can use approximate methods. The short report on the inves-
tigation of static solution with ring singularity for Born-Infeld nonlinear electrodynamics
is contained in my article [9].
Now we investigate the oscillating part of the soliton solution with ring singularity. The
present work is dedicated to construction the system of undistorted (standing) toroidal
1
waves in linear electrodynamics. The linear waves can be used in perturbation schemes
for finding the soliton solution under consideration with the oscillating part.
It should be noted that the linear problem considered here is not trivial because the
variables are not separated in Helmholtz equation for toroidal coordinates.
Here we will use the hypercomplex form for electrodynamics (see [2]). In this case the
Clifford algebra with noncommutative product is used.
The hypercomplex form for representation of electromagnetic bivector is used: F =
E+ ıB, where ı is hyperimaginary unit.
According to my paper [3] we can write
F(x) = − 1
4pi
∫
Σ′
S(x′ − x)dΣ′F(x′) , (2)
where S(x) is the source function, Σ′ is the three-dimensional hypersurface bounding the
four-volume, and dΣ′ is its inside oriented element.
Let us consider that the field F is harmonic wave. Thus we can write
F = Fω e
−ıω x0 . (3)
where Fω = Fω(x), x ≡ {x1, x2, x3}.
Let us consider the known toroidal coordinate system in three-dimensional space
{u, v, ϕ} with the following transformation formulas to cylindrical coordinates {ρ, ϕ, z}:
ρ =
ρ◦ sinh v
cosh v − cosu , z =
ρ◦ sin u
cosh v − cosu , (4)
where ρ◦ is the radius of the singular ring,
−pi < u 6 pi, 0 6 v <∞, 0 6 ϕ < 2pi.
We will use the modified toroidal coordinate system {τ, η, ϕ}, where
τ = sech v , 0 6 τ 6 1 ,
η = −u , −pi < η < pi . (5)
The coordinate τ ranges from 0 to 1 when the coordinate v ranges from ∞ to 0.
We have the following transformation formulas from the modified toroidal coordinates
{τ, η, ϕ} to cylindrical ones
ρ =
ρ◦
√
1− τ 2
1− τ cos η , z = −
ρ◦ sin η
1− τ cos η , (6)
As we can easy obtain the behavior of the modified toroidal coordinates near the
singular ring (τ → 0) is the following:
b
τ ∼ 1
ρ◦
(− sin η b z + cos η b ρ) , (7a)
b
η ∼ − 1
ρ◦ τ
(cos η b z + sin η b ρ) , (7b)
b
ϕ ∼ 1
ρ◦
(− sinϕb 1 + cosϕb 2) , (7c)
mττ ∼ ρ2◦ , mηη ∼ ρ2◦ τ 2 , mϕϕ ∼ ρ2◦ , (7d)
d△V ∼ ρ3◦ τ dτ dη dϕ , (7e)
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where b i are the basis bivectors, mij are the components of metric tensor, d△V is the
three-dimensional volume element.
Let us introduce the following curvilinear coordinates:
ρ˘ + ρ◦ τ , ϕ˘ + η , z˘ + ρ◦ ϕ , (8a)
b
ρ˘ + ρ◦ b
τ , b ϕ˘ + b η , b z˘ + ρ◦ b
ϕ . (8b)
As we can see in (8) with (7) the coordinates {ρ˘, ϕ˘, z˘} (8) near the ring looks locally
like the cylindrical coordinates.
Thus we will consider that the toroidal wave solutions near ring is close to the radial-
undistorted cylindrical waves propagating along the z axis. These cylindrical waves ob-
tained in [3] have the following form:
≏ ‖≈C
m
ωkz
e−ıω x
0
, (9)
where ≏ ‖≈C
m
ωkz
= ≏ ‖≈C
m
ωkz
(ρ, ϕ, z) are cylindrical bivector eigenfunctions of operator (−ı ·∂)
corresponding undistorted waves (“Bessel beams”, see my paper [3])
− ı ·∂ ≏ ‖≈Cmωkz = ω ≏ ‖≈Cmωkz , ·∂ ≡ b i ∂i , (10)
m is the index of the angle cylindrical function, kz is the wavenumber corresponding to
the propagation along the z axis.
The ring play a part of z axis for the toroidal system. In this case the appropriate
wave number kϕ (instead of kz for cylindrical waves) is quantized because of continuity
condition for the field near the ring. Thus we have
2pi ρ◦ = |m| λϕ
|kϕ| = 2pi
λϕ

 =⇒ kϕ =
m
ρ◦
, (11)
where m is integer (as positive as negative values is used), λϕ is the wave-length at the
ring.
Thus we consider that the toroidal wave near ring has the following form:
≏ ≬≈C
lm
ω e
−ıω x0 ∼ ˘≏ ‖≈Clωkϕe−ıω x
0
for τ → 0 , (12)
where ≏ ≬≈C
lm
ω = ≏ ≬≈C
lm
ω (τ, η, ϕ) are toroidal bivector eigenfunctions of operator (−ı ·∂) corre-
sponding undistorted waves, ˘≏ ‖≈C
l
ωkϕ
= ˘≏ ‖≈C
l
ωkϕ
(ρ˘, ϕ˘, z˘) = ˘≏ ‖≈C
l
ω m
ρ◦
(ρ◦τ, η, ρ◦ϕ) (see (11) and
(8a)).
We consider the solutions in the form of some kind of standing toroidal waves but
which can contain closed traveling waves. These closed traveling waves propagate along
the ring and around the ring. The power flow through any closed surface containing the
singular ring is absent. We will search these waves in the form
≏ ≬≈C
lm
ω e
−ıω x0 . (13)
To obtain the functions ≏ ≬≈C
lm
ω we use formula (2) and boundary condition on the
toroidal surface near the singular ring according to relation (12).
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Let us consider the toroidal surface {τ = τ◦, −pi < η 6 pi, 0 6 ϕ < 2pi}. This
surface will play the role of two-dimensional part of hypersurface Σ′ in (2) such that the
appropriate primed coordinates is {τ ′ = τ◦, −pi < η′ 6 pi, 0 6 ϕ′ < 2pi}.
After necessary substitutions we obtain
≏ ≬≈C
lm
ω (τ, η, ϕ) = −
1
8pi
lim
τ◦→0
∫
σ′
[(
e−ıω x˜ + eıω x˜
) ω
x˜
˘
≏ ‖≈C
l
ω m
ρ◦
× dσ ′
+
(
1
x˜3
(
e−ıω x˜ + eıω x˜
)
+
ω
x˜2
ı
(
e−ıω x˜ − eıω x˜)
)
·
(
x˜
(
˘
≏ ‖≈C
l
ω m
ρ◦
· dσ ′
)
+ x˜×
(
˘
≏ ‖≈C
l
ω m
ρ◦
× dσ ′
))]
, (14)
where σ′ is the toroidal surface bounding the singular ring such that ρ◦ is its big radius
and τ◦ is its small radius, dσ
′ is its outside oriented element, ˘≏ ‖≈C
l
ω m
ρ◦
= ˘≏ ‖≈C
l
ω m
ρ◦
(ρ◦τ◦, η
′, ρ◦ϕ
′)
is the appropriate cylindrical functions on the surface σ′, x˜ is the distance from the point
{τ, η, ϕ} to the point {τ◦, η′, ϕ′}, x˜ is the appropriate radius bivector.
Thus here we have the integral representation for toroidal undistorted linear electro-
magnetic waves. This representation can be sufficient for the using of these functions.
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